
ECS 253 / MAE 253, Network Theory and Applications

Spring 2016

Common Problem Set # 2, Due May 3

Problem 1: The Cayley tree

A Cayley tree is a symmetric regular tree emanating from a central node of degree k.

Every node in the network has degree k, until we reach the nodes at the maximum

depth d that have degree one and are called the leaves of the network. The figure

below shows a Cayley tree with k = 3 with depth d = 4.

Complex Systems 535/Physics 508: Homework 2

1. One can calculate the diameter of certain types of networks exactly:

(i) What is the diameter of a clique?

(ii) What is the diameter of a square portion of square lattice, with L edges (or equiva-
lently L + 1 vertices) along each side, like this:

L

L

What is the diameter of the corresponding hypercubic lattice in d dimensions with
L edges along each side? Hence what is the diameter of such a lattice as a function
of the number n of vertices?

(iii) A Cayley tree is a symmetric regular tree in which each vertex is connected to the
same number k of others. Here, for example, is a Cayley tree for k = 3:

Show that the number of vertices reachable in d steps from the central vertex is k(k−
1)d−1 for d ≥ 1. Hence find an expression for the diameter of the network in terms
of k and the number of vertices n.

(iv) Which of the networks in parts (i), (ii), and (iii) displays the small-world effect, de-
fined as having a diameter that increases as log n or slower?

2. A particular network is believed to have a degree distribution that follows a power law
for degree greater than or equal to 10. A random sample of vertices is taken and their
degrees measured. The degrees of the first twenty vertices with degrees 10 or greater are:

16 17 10 26 13
14 28 45 10 12
12 10 136 16 25
36 12 14 22 10
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For a Cayley degree of degree k and depth d calculate:

a) How many vertices are exactly distance one from the center?

b) How many vertices are exactly distance two from the center?

c) How many vertices are exactly distance l from the center?

d) What is n(l) the total number of vertices contained within distance l from the

central vertex? (Include the central vertex in this count.)

e) Present an argument that the Cayley tree has a small world diameter by showing

that d ∼ log(n)/ log(k). (It does not have to be a rigorous, but show your reasoning.)

Problem 2: Finite size scaling.

Consider a network where node degree k follows a power law degree distribution

pk = (γ − 1)k−γ, with γ > 1. We will approximate k as continuous and then let PK

denote the cumulative distribution function (CDF) which is the probability a node

will have degree less than or equal to K,

PK =
∫ K

1
pkdk.



Here we will work out an estimate for the maximum node degree, Kmax, that one

would expect to see in a network of size N with a power law degree distribution.

Operationally, we define the expected value of Kmax for a network of size N to be the

value of degree when we expect only one node bigger than this value:

N(1 − PKmax) ≈ 1.

Using this show that Kmax ≈ N1/(γ−1) and evaluate the expression explicitly for

γ = 2, 3, 4.

Problem 3: Analysis of a real-world network

For this problem you must find a data set of a real-world network. It could be a recom-

mendation network of books constructed via amazon.com, a flight network for an air-

line, a collaboration network of scientists or movie actors, a protein-interaction/gene-

interaction network, a piece of the Amtrak rail network, a Facebook network, etc.

The network should have somewhere between 200 to 1000 nodes.

a) Describe your data set and where/how you obtained it. Is this a directed or undi-

rected graph? Are there several components, or is it all one connected component?

b) How many nodes and edges are present? What is the average degree? (If it is a

directed graph give values for both average in- and out-degree.)

c) Plot the degree distribution (again, if directed, plot both in- and out-degree distri-

butions). Identify the distribution that best fits your data, choosing from Gaussian,

exponential, power law. (If you want to get more sophisticated, consider also power

law with a cutoff and log normal distributions.)

d) Visualize the network. Try to use color or size to display interesting attributes of

your data (degree, age, high-clustering, etc). You may want to label the nodes with

their identities.

e) Run a community detection algorithm on your network (igraph has a number

of algorithms implemented, for networkx an additional package has to be installed,

e.g. http://perso.crans.org/aynaud/communities/). How many communities did you

find? What is the size distribution of the communities? Use the visualization of point

d) and color code the communities. Can you interpret what you found?


